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We discuss type II and type I branes at general ADE type orbifold singularities. We 
show that there are new phases of type I or heterotic string theory in six dimensions, involv- 
ing extra tensor multiplets, which arise when small instantons sit on orbifold singularities. 
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world- volume theories in type IIB or type I five-branes at orbifold singularities lead to the 
existence of several infinite classes of six dimensional, interacting, renormalization group 
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1. Introduction 



The small Eg instanton is qualitatively different from the small 5*0(32) instanton. In 
both cases, the small instanton is at a point p G and thus yields a 5+1 dimensional 
world volume theory with minimal A/" = (1,0) supersymmetry (8 supercharges). In the 
SO{32) case, the 6d world- volume theory is a 5*^(1) gauge theory [jl|, which is IR free. On 
the other hand, the Eg case is more interesting: at the point in the moduli space where 
the Es instanton is of zero size, there is a transition to another "Coulomb branch" moduli 
space of the theory, labeled by the expectation value ($) G M"*" of a real scalar in a tensor 
multiplet. The branch with the tensor multiplet corresponds in M theory to a phase in 
which the zero size instanton has become a five-brane which has moved a distance ($) 
into the 11th dimension At the transition point between the two branches, where 

($) 0, there appears to be a "tensionless string" - though there is evidence 

that it is an interacting local quantum field theory at a non-trivial RG fixed point. The 
existence of other non-trivial fixed points of the renormalization group in six dimensions 
was discussed in |l7|,^P,p!0[] . 

A situation similar to that of the small Eg instanton occurs when the small 5*0(32) 
instanton sits, not at a smooth point on the transverse but, rather, at a Zm orbifold 
singularity. There are new phases with extra tensor multiplets and the world- volume theory 
leads to non-trivial 6d super-conformal field theories Q . For a Z2 orbifold singularity, the 
new phase has a single extra tensor multiplet and was found via F theory in |]ll|. The 
new phases for Zm singularities were given an orientifold construction in ||12|| . 

Here we consider what happens when small SO{N) instantons sit on general orbifold 
singularities. The result will be many more new phases for the 5*0(32) heterotic or type 
I string theories. In addition, the world-volume theories will lead to the existence of an 
infinite number of new classes of non-trivial 6d super conformal field theories. We also 
point out that type IIB five-branes at orbifold singularities lead to an infinite number of 
classes of non-trivial 6d superconformal field theories. 

In the next section we discuss some general preliminaries. In the first subsection, 
we review ALE spaces and their hyper-Kahler quotient construction [jl^. As discussed 
T^,ff3[ , these theories have a physical realization via branes on the corresponding ALE 



m 



space. In the next subsection we discuss general aspects of instantons on ALE spaces. 
In sect. 3 we briefiy review the situation for U{N) instantons on ALE spaces and the 



hyper-Kahler quotient construction of their moduli spaces ||16||. It is worth emphasizing 
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that the construction of [|T6[ apphes only for gauge group U{N). In sect. 3.2 we mention 
the orbifold construction of these theories and how tadpole conditions [|12| yield a relation 
of . Using a relation |]T^ between first Chern classes and the NSNS B field, this allows 
us to determine the value of the B field in the orbifold construction. 

In sect. 4 we discuss K IIB five-branes at a C^/Tg orbifold singularity. The 6d 
world- volume theory is a, M = (1, 0) supersymmetric theory with gauge group and matter 
content given by a "mooseS" (or "quiver" ) diagram, which is the extended Dynkin diagram 
of the ADE group G corresponding to the Tq C SU{2), along with r =rank(G) extra tensor 
multiplets. The case Tq = Z2 gives a theory mentioned in [jl^ as a solution of the anomaly 
cancellation conditions. We argue that these theories yield six-dimensional, interacting, 
scale invariant theories for every discrete Tq C SU{2), and for any K. 

In sect. 5 we discuss SO{N) instantons on C^/Va ALE spaces. We present su- 
persymmetric gauge theories whose Higgs branches we argue give hyper-Kahler quotient 
constructions of the moduli space of SO{N) instantons on general ALE spaces, albeit with 
a caveat about some of the ALE blowing up modes being frozen to zero. The theories are 
based on particular products of classical gauge groups arranged according to moose dia- 
grams which are again related to the extended Dynkin diagrams of the ADE gauge group 
G. This construction applies for any SO{N). These particular theories, however, could 
not arise physically in the world-volume of D5 branes at the orbifold singularity, as they 
suffer from deadly 6d gauge anomalies. For the special case of SO{32) there is a modified 
version of the gauge theories, with altered relations between the gauge groups and matter 
content and also with additional tensor multiplets, which we argue does arise physically 
in the world-volume of the D5 branes. These world-volume theories arise in a "Coulomb 
branch" of the full moduli space, in which 29nT hypermultiplets are traded for nr tensor 
multiplets, much as in the small Eg instanton. The origin of the Coulomb branch yields, 
for every ALE space, an infinite family of non-trivial, six dimensional, interacting, scale 
invariant theories. 

In sect. 6 we give an orientifold construction of these theories, showing directly the 
existence of the new phases with extra tensor multiplets. 

In sect. 7 we discuss other 6d gauge theories, which are similar to those discussed 
in sect. 5, but without coupling between the five-branes and the nine-branes. The five- 
branes thus do not have an interpretation as small instantons, and strings ending on these 



^ in the terminology of [17|. 
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branes do not have Dirichlet boundary conditions but rather twisted boundary conditions. 
Including these branes may resolve the puzzle of anomaly cancellation in the theories 
discussed by |]T^. One of these theories, with gauge group given by the Ai extended 
Dynkin diagram moose, was previously found by |T^. In sect. 7.1 we discuss the orientifold 
construction of this theory. 

Some general observations about anomaly restrictions on 6d gauge theories based on 
product groups are made in sect. 8. Finally, in an appendix we include a few relevant 
facts about the representations of the discrete subgroups of SU{2). 

Note added: Related results concerning small Spin{32) instantons at D and E type 
singularities have been independently obtained via F theory in . We thank the authors 



of for comparing their results with ours, thereby finding a typo in the original version 
of this paper concerning the representations of F^^. 



2. General preliminaries 

2.1. ALE spaces and branes 

The ALE spaces are solutions of Einstein's equations described as possibly blown 
up orbifolds C^/Tg: with To C SU{2) acting on the at infinity. The discrete SU{2) 
subgroups: cyclic, dihedral, tetrahedral, octahedral, and icosahedral, have a famous corre- 
spondence with, respectively, the A^, Dj., Eq, E-j, and E^ groups. For example, the nodes 
fj, = . . .r =rank(G) of the extended Dynkin diagram of the ADE group G correspond 
to the irreducible representations of F^, with \R^\ = n^, the Dynkin indices; therefore 
ITgI = nfj^n^ (throughout greek indices run from . . .r and repeated indices are summed). 
Also, Rq X R^ = a^^Ri, where Rq is the fundamental two dimensional representation 
given by Fg C SU (2) and a^i, is one if nodes fi and ly are linked in the extended Dynkin 
diagram and zero otherwise. The character of this relation is 

XQ{9)Xf^{9) = afiiyXiyig), (2.1) 

for all g G Fg. In particular, for (7 = 1, this gives C^yUjj = 0, where C^v = 25 — a^i, is 
the extended Cartan matrix; the Dynkin indices give the only null vector of C^^. 

The ALE space X = C'^/Tg has r non-trivial two cycles E^, i = 1 . . .r, generating 
H2 . X is hyper-Kahler with a triple of Kahler forms uj and 

/ c3 = C„ (2.2) 
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with (i, i = 1 . . .r, the 3r blowing up parameters. 

The ALE spaces have a hyper-Kahler quotient construction [0|; i.e. there are su- 



persymmetric gauge theories (with 8 super-charges) which have the ALE spaces as their 
Higgs branches. The theories have gauge group 11)^=0 where the U{1) in the 

quotient is the overall U{1). The matter content of the gauge theory is given by hyper- 
multiplets in the representations | ©J^i,=o ^^J.l^{O^J.^Ol^)^ where the index labels the gauge 
group and the | is to avoid a double counting. Throughout, and a^i, are defined as 
above. The 3r blowing parameters Q enter as the r Fayet-Iliopoulos parameters which can 
be included for the r U{1) factors in the gauge group . 



The above gauge theories arise physically, for example in DO branes (of IIA) or Dl 



branes (of IIB), which probe the geometry of the ALE spaces [|r3|,p!5 



2.2. Instantons on ALE spaces 

On flat M^, instantons in an arbitrary gauge group Ti. (not to be confused with the ADE 
group G in C^/Fg) are topologically specified by the instanton number K, which is a non- 
negative integer associated with TVsiH) = Z. The moduli space Aiinst of instantons with a 
given i^T is a hyper-Kahler space with dimension in hypermultiplet (i.e quaternionic) units 
(one quarter of the real dimension) given, using the index theorem of ||2^, by dim{Aiinst) = 
C2{'H)K, where C2{'H) is the dual Coxeter number (index of the adjoint; e.g. C2 = N for 
SU{N) or N -2 for SO{N)). 

When the usual is replaced with an ALE space X = C^/Fg, instantons are specified 
by certain topological data in addition to the integer K. An instanton gauge connection is 
asymptotically fiat and thus usually trivial since the asymptotic space X^o surrounding the 
instanton usually has trivial ni. However, on the ALE space, 7ri(Xoo) = F^ and thus there 
can be non-trivial Wilson lines at infinity, leading to non-trivial group elements poo G 7i, 
representing F^j in the gauge group. Thus, in addition to K, the instanton is topologically 
characterized by integers in p^o = ®^w^R^, giving the representation of F^ in Ti 
in terms of the irreps R^. When the gauge group Ti has an Abelian factor, additional 
topological data is needed to specify the instanton: because X has non-trivial two cycles 
Ei, i = 1 . . .r =rank(G), there can be non-trivial first Chern classes Ui = (TrF/27r). 
For simplicity, and because we are chiefiy in the case of 7i = SO{N) where TrF = 0, we 
will set the w, = in this section. 
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The instanton number (second Chern class) with physical data K and poo is 

I = K+ -^G^^n^w,, (2.3) 

where k is the index of the embedding of SU (2) in the gauge group Ti (e.g. « = 1 for 
SU{N) and K = 2 for SO{N)) and is defined by 

Go. ^G^o^O, G,j=C-^ z,j^O, (2.4) 

with G"^ the inverse Cartan matrix of the ADE gauge group G. Explicit expressions for 
the G^j, for all gauge groups can be found, for example, in table 7 of [^. G^^, inverts the 
extended Cartan matrix G^j^ up to its null vector n^: 

C^^A^ = B^ n-B^O and A,, ^ an^ + G^^B^, (2.5) 

where a is arbitrary. 

The moduli space of instantons on the ALE space is again hyper-Kahler, with dimen- 



sion which can be determined by the index theorem of for manifolds with boundary 



(in this case at infinity). In hyper- multiplet units, the dimension is given by 

dMMj^.,) = C,in)I + ^ E ^-^f-^^^):"^' , (2.6) 

where the last term is the eta invariant, with the sum over g G Eg, omitting the identity 
g = 1. In computing the eta invariant, it will be useful to define 



^ WgI \ ^-Xq{9) ^ ^ ""^ " 2^^ G^^n^n^). (2.7) 



The identity in (|2.7|) follows from (|2.5|) and 



C^aX^^ = J; (|Eg|^^^ - n^n^,). 



which follows easily from (|2.1| ) and character orthogonality. 
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3. Type II: U{N) instantons on ALE spaces. 
3.1. General aspects 

N coincident type II p + 4 branes have a supersymmetric U{N) gauge theory Uving in 
their world- volume [^5| . K coincident type II p branes living inside of this system have a 
supersymmetric (with eight super-charges) U{K) gauge theory living in their world volume 
with N matter hypermultiplets in the K and one in the adjoint K"^. This configuration 
of branes has the interpretation as K U{N) instantons and, indeed, this U{K) world- 
volume theory has a Higgs branch which gives the hyper-Kahler quotient construction of 



the moduli space of K U{N) instantons 



Consider now the situation where the p branes are on an ALE space C^/Tg- The 
resulting world-volume theory should have a Higgs branch which is isomorphic to the 
moduli space of U{N) instantons on the ALE space. This moduli space does indeed 
have a hyper-Kahler quotient construction [0, i.e. a realization as the Higgs branch of 



a supersymmetric gauge theory with 8 supercharges. It is natural to expect that these 
theories arise in the world-volume of the p branes on the ALE space; this was shown for 



the CVZ^+i orbifolds in H 



As discussed in the previous section, on an ALE space an instanton can have a non- 
trivial Poo G U{N) representing Tg- Poo = ®fj.'Wfj,R^, where the integers must satisfy 
w ■ n = w^n^ = N in order to have poo G U{N). The group element poo breaks U{N) 
11^=0 ^("^At)- addition, there can be non-trivial first Chern classes Ui = /^^ (TrF/27r), 



1 . . . r. As discussed in |jT^ , the Ui are related to the integral of the NSNS B field by 

u, = N ! B. (3.1) 



The theory of [jT^ has gauge group nL=o^(^M)' with matter content consisting of 



hypermultiplets in the and hypermultiplets in the \ ci iiuiJI\^n\I\u) ^ where the 
subscripts label the gauge group (and the ^ is to avoid double counting). The are 
determined in terms of the physical data by 

C^,,v„ = w^- u^; (3.2) 

u^yQ are the first Chern classes and uq is determined hj n ■ u = n ■ w, which follows 
from ( |3.2| ). Of course it is physically necessary that the small instanton gauge group is 
generically completely broken on the Higgs branch; this is indeed the case given the relation 



6 



( p.2|) and that all > 0. The dimension of the Higgs branch A4h in hypermultiplet (i.e 
quaternionic) units (one quarter of the real dimension) is given by 

diui{MH) = v^w^j, - \C^,^v^,Vi, = ^v^iw^ + u^). (3.3) 

Note that there are r + 1 U{1) factors in the gauge group. The diagonally embedded 
U{1) factor has no charged matter and thus decouples. Including Fayet-Iliopoulos terms 
Ci, z = 1 . . . r, for the remaining r U{1) factors gives the dependence of the moduli space 
of instantons on the 3r blowing up modes of the ALE space. We emphasize again that the 
construction of [l^] applies only for gauge group U{N). 



We now introduce some formulae which we will find analogs for SO{N) instantons; 
for this purpose it suffices to restrict our attention to w^>o = 0. The instanton number 
(second Chern class) with physical data K and poo is given by (|2.3|) with k, = 1; thus 

/=^, (3.4) 

which, as expected, gives the instanton number as the number of p branes on the orbifold. 
The dimension of the moduli space J^inst of instantons is given by ( p^ ) with C2{U (N)) = 



N and XAd{Poo){9) = w^w^xMXuig)- Thus 

dim{Minst) = NI + w^Wi,X^„, (3.5) 



with X^i, defined as in (|2.7|) . Using (^^), ( p.2|) , and ( p.8|) , it is easily verified that 



dim(A^j^st), given by (|3.5|) , agrees with dim(7W//), given by (|3.3|) , giving a check of the 
equivalence A4h — -Minst proven in for U{N) instantons. 

3.2. Orbifold constructions 

The above gauge theories can be directly obtained from an orbifold construction of 
the theory on C^/Fg; for the case of Tq = '^r+i this was shown in [^. As discussed in 
T^ , the relation (|3.2[) arises from a tadpole consistency condition. We take Tg to act on 



the p brane and p + 4 brane Chan-Paton factors as 

7g,P = ©m^m(^) ® ly^, 7g,p+4 = ®f,Rf,{9) ® Iw^, (3.6) 



where In is the nxn identity matrix. Following the discussion in |T^] , the relevant tadpole 
equations are those twisted by (7 7^ 1, which are 

1 2 

w^xM-{'^-XQ{9))v^,xM) =0. (3.7) 



2-Xq(^7) 



These can be put in the form (|3.2|) , though with a specific value for the u^: = Nn^/\TQ\. 
As discussed in [0 , this means that the orbifold construction gives a specific value for the 
integral of the NSNS B field over the 

Ti ■ 

S = -^, i = l...r. (3.8) 
The fact that the B field is restricted to a particular value in the weakly coupled orbifold 



construction is standard, as in |2^]. The particular value ( |3.8| ) agrees (only) for the Ar 
cases with the result of , where the result was obtained by requiring DO branes to have 
mass l/C2{G)gs, where C2{G) = Y^^n^. 



4. Type IIB five-branes near a C^/Fg^ singularity 

K type IIB five-branes at a point in have a 6(i A/" = (1, 1) supersymmetric gauge 
theory, with gauge group U{K), living in their world- volume. This theory is anomaly free 
with arbitrary gauge coupling g and is IR free. Now consider the situation when the five- 
branes sit not at a generic point in but at a C^/Fg orbifold singularity. Much as in 
and the previous section, though with p = 5 and without p + 4 branes, the 6d world- volume 
theory becomes a, Af = (1,0) supersymmetric gauge theory with gauge group 

r 

n ^(^^^) (4.1) 

and matter multiplets in representations ^ (B^u a/x!y(n/i, □;/)• In addition, there are r 
A/" = (1,0) hypermultiplets and r M = (1,0) tensor multiplets (which combine into r 
M = (2,0) matter multiplets), coming from reducing the lOd two-form and four-form 
potentials down to 6d on the r cycles which generate H2 of C^/F^. 

The above world-volume theory must be free of 6d gauge anomalies. Writing the 
gauge group more generally as n[i=o ^(^m)' gauge anomaly is 

A = C^^v^tvF^ + 3C^,trF^tTFl (4.2) 

For = Kn^ the deadly trF^ irreducible anomaly terms vanish since C^uUjj = 0. The 
remaining reducible anomaly in ( f4.2| ) can be cancelled with P tensor multiplets provided it 
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can be written as ^ = X]i=i(^i/i^^-^/i)^ with Ai^ real. The canceUation occurs by couphng 
the scalar fields $i of the tensor multiplets to the gauge fields via the interactions 

p 

^ A,^$.trF2 ^ aZffi^) = aZi + E ^^M*.- (4-3) 

1=1 i 

Thus, to cancel the remaining anomaly in ( [4.2|) , we want to write A = SC^jyX^Xjy, 
where we define = trF^, as a sum of squares. This is done for Ar as 

'^A C ^^i/X X!y^=0 ("^M ' 3^r+l = *^0- (4-4) 

For this is done using 

r-3 

\A = ^C^^X^X^ = {Xo - \X2Y + (Xi - \X2Y + \ ^{Xi - Xi+if 

1=2 

For i?6, this is done using 

\A = ^C^„x^x^ = (xi - ix2)^ + (xo - ^xe)^ + (xs - ix4)^ + |(x2 - |x3)2 

+ |(X6 - fxs)^^ + |(X4 - |X3)2. 

For i?7, we have 

^A = \C^t,X^Xu = (xo - |xi)^ + |(xi - |X2)^ + |(X2 - |X3)2 + 

+ {X6 - ixs)^ + |(X5 - |X4)2 + |(X4 - Ixa)^ + (xy - ixs)^ 

For i?8, we have 

^A = ^C'^i.X^X^ = (xi - ix2)^ + |(X2 - |X3)2 + (X8 - ^Xa)^ + (xo - |X7)2 

(4.8) 

+ f (X4 - |X3)2 + |(X5 - |X4)2 + |(X6 - Ixs)^ + |(X7 - ^Xq)^ . 

Throughout we label! the nodes of the extended Dynkin diagrams as in table 16 of ||2ij|| . 
In each of the above cases, ^ is a sum of r squares. Thus the reducible anomaly can 

^ With this labehng, the Dynkin indices are: For Ar, all = 1. For Dr, = 1 for fi = 
0, 1, r — 1, r and = 2 for 2 < /i < r — 2. For Eq, = 1 for ^ = 0, 1, 5; = 2 for /x = 2, 4, 6 
and = 3 for ^ = 3. For E7, n^^ = 1 for /x = 0, 6; = 2 for /i = 1, 5, 7; = 3 for /x = 2, 4 and 
Ufj, = 4: ior fi = 3. For Eg, rifj, = 1 for fx = 0; Ufj, = 2 for /x = 1, 7; = 3 for /i = 6, 8; = 4 for 
/i = 2, 5; = 5 for /X = 4 and = 6 for /x = 3. 
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(4.5) 



(4.6) 



(4.7) 



be cancelled in every case with r tensor multiplets. This is perfect because, as discussed 
above, the theory indeed has r tensor multiplets. These r tensors must couple to the gauge 
fields in O according to gj) with (U)- (PI). 

The diagonal U{1) factor in 11)^=0 U{Kn^) has no charged matter and decouples. The 
other r U{1) factors do have charged matter and are thus anomalous. As in the discussion 
in r hypermultiplets are needed to cancel these anomalies. This again is perfect 

because, as discussed above, we have r hypermultiplets, corresponding to the blowing up 
modes of the C^/Vq singularity. They pair up with the U{1) gauge fields to give them a 
mass and their expectation values effectively become Fayet-Iliopoulos parameters in the 
gauge group. As mentioned in sect. 2.1, the blowing up modes are also realized as Fayet- 
Iliopoulos parameters in the analogous Y\U{ni) /U{1) hyper-Kahler quotient construction 



of [13] of the ALE geometry. This direct correspondence makes it obvious that our gauge 
theory ( [4.1|) will be properly behave under smoothing the ALE space: the Fayet-Iliopoulos 
terms will Higgs ( fl.l|) to exactly the right analog for the smoothed ALE space. The 
cancellation of the U{1) anomalies using the r hyper-multiplets and the cancellation of 
the reducible trF^trF^ anomalies using the r tensor multiplets can be regarded as being 
related by a remnant of the larger supersymmetry of the full type IIB theory. 

The theories ( [4.1| ) have a Higgs branch associated with giving expectation values to 
the matter fields in the | «Mi/(n^, Di/)- On this branch, the gauge group is broken 
according to K —>■ K — R, for any R = 1 . . . K, along with an extra, decoupled, unbroken 
U{R)d subgroup. The U{R)d theory has a hypermultiplet in the adjoint representation 
and is diagonally embedded in all of the groups in ([4.11) . The index of the embedding of 
U (R) D in each U (Kn^) gauge group is and thus U (R) d has a gauge coupling 

^?B' = E^'^^^m'- (4-9) 

The gauge couplings g~'^ depend on the tensor multiplet expectation values according to 
( ^73|) with ( [4.4|) - ( ^78|) . In each case, though, it follows from C^^Ui, = that the linear 
combination (|4.9|) is independent of the i = 1 . . . r, tensor multiplet expectation 

values. 

The interpretation of the above part of the Higgs branch is that it corresponds to 
moving R of the IIB five-branes away from the C^/Fg singularity. The U{R)d theory 
with a hypermultiplet in the adjoint and constant gauge coupling is exactly the expected 
M = (1, 1) theory for the five-branes away from the ALE singularity. Also, the D terms 
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for the single hypermultiplet mode labeling motion along this flat direction can always 



be mapped to exactly those of the theory of [|T^, described in sect. 2.1, which gives the 
c^/Vg ale space. In other words, the R five-branes, which should be able to wander 
around any point on C^/Fg, indeed can. 

The theory ( [1.1|) for type IIB branes at the C^/r^ singularity can be given an explicit 



orbifold construction, following |jl^. The r Af = (1,0) hyper and tensor multiplets come 
from the r twisted conjugacy classes of Fq. Following the discussion in fl^, the twisted 
tadpoles reproduce the spacetime anomaly ( ^?2|) , which led to = Kn^. 

As the simplest example, consider K IIB five-branes at a C^/Z2 Ai ALE singularity. 
The world- volume theory is U{K) x U{K) with hypermultiplets in the (□, □) © (□,□)• 
These theories were introduced in |]T^ as a class of theories which satisfy the anomaly 
cancellation condition when coupled to gravity. Here we see that the gauge anomaly can 
be cancelled even with gravity decoupled by including an extra tensor multiplet. 

When the C^/Z2 singularity is not blown up and thus the U{K) x U{K) theory has no 
Fayet-Iliopoulos term, there is a direction in the Higgs branch where the matter fields Qi in 
the (□,□), and Q2 in the (□, □) have expectation values {Qf) = diag{{Ef) x 1^, x 1x-r) 
where Ir is the R x R identity matrix, for any 1 < R < K, and Ef, f = 1,2, are 
hypermultiplets. This is a D-G.at direction provided the (Ef) satisfy the D term equations 
for ^7(1) with two electrons, giving precisely the construction of [0, reviewed in sect. 
2.1, for the sing ular C^/Z2 ALE space. The Higgs branch associated with the above (Qf) 
is thus the mode for moving R five-branes away from the sing ularity When the C^/Z2 
singularity is resolved and thus the U{K) x U{K) theory has Fayet-Iliopoulos term, the 
above Higgs branch only occurs for R = K, with the (Ef) satisfying the D term equations 
for U{1) with two electrons and non-zero Fayet-Iliopoulos term. Since (Ef) 7^ 0, we 
find that U (K) x U (K) is necessarily Higgsed to U (K) at a scale set by the blowing up 
parameter. Thus, as should be expected, we necessarily obtain the the standard A/" = (1, 1) 
supersymmetric U{K) on the five-branes when the singularity is resolved. There is a similar 
analysis for the theories ([4.1| ) for general C^/Fg singularities. 

Following [0,^, there can be a non-trivial 6d RG fixed point at the origin of the 
Coulomb branch provided all (7~^^^($) are non-negative along some entire "Coulomb 
wedge" of allowed $i, i = 1 . . .r. This should be true even in the limit when all g~\i 
in order to obtain a RG fixed point theory at the origin. However since ( [4.9| ) is a constant 
independent of the on the Coulomb branch, at least one of the 9^1 ff must become 
negative for large This corresponds to the fact that the U{R)d subgroup is always 
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IR free. As in we can always take the U{K) corresponding to the extended Dynkin 
node /U = to be the IR free theory, which means that this gauge group is un-gauged in 
the IR limit. It is then possible to choose a Coulomb wedge so that the remaining gauge 
groups in (^4.1|) all have g~\^^{^) > along the entire wedge even in the (/"^^ limit. 

Thus for any C^/Tq, and for every K, these theories give 6d non-trivial RG fixed 
points with r tensor multiplets and gauge group n[i=i SU{Kn^), where the t^(l)s in ( ^?T] ) 
have been eliminated, as discussed above, by the anomaly cancellation mechanism, and 
the 11 = node gives a global rather than local U{K) symmetry. 

The simplest example, based on K IIB five-branes at a C^/Z2 singularity, thus gives 
a 6d A/" = (1, 0) supersymmetric theory with gauge group SU{K), 2K matter fields in the 
□, and a tensor multiplet. There is a non-trivial RG fixed point, for all K, at the point 
where the tensor multiplet has zero expectation value. Another string theory realization 



of these theories was given in [IC 



5. SO{N) instantons on ALE spaces 

As in sect. 2.2, we can have Wilson line group elements poo £ SO{N) representing Fq. 
Following the discussion in ||2^, the type I or heterotic gauge group is really Spin{32)/Z2, 
where the Z2 is generated by the element w in the center of Spin{32) which acts as — 1 
on the vector, —1 on the spinor of negative chirality, and +1 on the spinor of positive 
chirality. Because only representations with w = 1 are in the 5'pm(32)/Z2 string theory, 
the identity element e G Tq can be mapped to either the element 1 or in Spin{32). Here 
we will only consider the case e — 1, which is the case with possible vector structure. 

The basic difference from the U{N) case is that SO{N) is a real group. Starting 
from U{N), SO{N) can be regarded as being obtained by modding out by the complex 
conjugation operation *; for example the N and N representations of U{N) are both 
mapped to the N representation of SO{N). Properly understanding this operation of *, it 
will be fairly straightforward to modify the results reviewed in sect. 3 to the SO{N) case. 
In the orientifold discussion of sect. 6, modding out by the operation * is, of course, the 
orientifold process. 

It will be useful in what follows to group the set of all {/U = . . . r} into the subsets 
as {fx} = IZ ® V ® C ® C] Vg representations with p E TZ are real; representations 
with fj, E V are pseudo-real; representations R^ with p E C are complex, with the 
complex conjugate representation R^ = R-jj, with JI E C. In terms of the SU{2) which 
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contains Tq, the real representations have integer spin and the central element C of SU{2) 
is represented by C = 1, while the pseudo-real representations have half-integer spin and 
the central element is represented as C = —1. Clearly, one dimensional representations 
are either real or complex, not pseudo-real. Using the connection between and the 
ADE extended Dynkin diagrams, since XQ ^ R^. = o-^iuRu and XQ has spin i = ^, links 
of the diagram connect nodes with opposite values of C. The decompositions of the 
representations are as follows (with sets not listed empty). For with r odd, TZ = 
{0, i(r + 1)}, C = {1, . . . , i(r - 1)}, C = {i(r + 3), . . . , r}. For Ar with r even, 7^ = {0}, 
C = {1, . . . , |r}, C = {ir + 1, . . . , r}. For D^, with r odd, 7^ = {0, 1, 2s + 1\ s = 
1, . . . , i(r - 3)}, P = {2s| s = 1, . . . , i(r - 3)}, C = {r - 1}, C = {r}. For with r 
even, 7^ = {0, 1, r - 1, r, 2s + 1| s = 1 . . . ^(r - 4)}, P = {2s| s = 1, . . . , i(r - 2)}. 
For Eg, 7^ = {0, 3}, P = {6}, C = {1, 2}, C = {4, 5}. For E7, 7^ = {0, 2, 4, 6, 7}, 
P = {1, 3, 5}. For Eg, 7^ = {0, 2, 4, 6, 8}, P = {1, 3, 5, 7}. 

A useful quantity here is the "Frobenius-Schur indicator," which is defined (see, e.g. 
||29|| ) to be -fl for real representations; —1 for representations which are not real but whose 
characters are real, i.e. pseudo-real representations; and for representations with complex 
character. We thus define 5"^ = for G 7?., 5"^ = — 1 for n E V, and = for n E C 



or C. By a theorem discussed e.g. in p9 



= E (5.1) 



geTa 

The representation poo of To in SO{N) can be written as poo = ^^WfiRfi, where 
n^w^ = N. In order for p^o to be real, for every copy of a complex representation 
with n E C, there has to be a copy of the complex conjugate representation = Rjj;, 
with Jl E C: i.e = wj[. The pseudo-real representations also must satisfy a condition 
to fit in SO{N): because they are representations of SU{2) rather than 5'0(3), they need 
to be embedded in an SO{A) ^ SU{2) x SU{2) subgroup of SO{N). This means that 
must be even for fj, E V. Finally, the real representations are already representations of 
50(3) and thus fit into SO{N) without the need for any such doubling. The non-trivial 
Poo breaks SO{N) to a subgroup as 

SO{N) ^ H SO{w^) X H Spi^w^) X H U{w^). (5.2) 
Ate7^ fiev ^ec 
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The relevant "small instanton" theory is a supersymmetric gauge theory (with eight 
super-charges) with gauge group 

n sp{v,) X n so{v,) X n uiv,). (5.3) 

fien nev neC 



The group of ( pT2|) arises as a global symmetry of the gauge theory ( p73|) ; thus the 
has half-hypermultiplets in the D^, the SO{v^) has ^w^ hypermultiplets in the D^, 
and the U(y^) has hypermultiplets in the D^. In addition, there are hypermultiplets 
corresponding to the links of the extended Dynkin diagrami: there are hypermultiplets in 
the I a/x!^(n^i, Di/), where the sum runs over all /i = . . . r, with = for ]! E C. In 
the 1©^!^, one factor of ^ is for a double counting in (B^u and the other is because either: 
fx E 71 and f E V (or vice-versa) and thus the gauge group is Sp{v^) x SO{v,^) and the 
matter is in a half-hypermultiplet of {d^nOu)', or fx (or u) G C, in which case the extra 
factor of I is for a second double counting associated with fx (or 77) G C. 

The Vfj, data in ( |57^ ) will be related to the physical data which specify poo by a 
relation of the form 

C^,V^ = w^-D^, (5.4) 

for some with n ■ D = n ■ w = N, and = dim(n^) (i.e. = 2v^ for Sp{vy) and 
V'/i ~ '^M SO{v^) and U{v^)). Repeated indices run over all /U = . . .r, with wjj; = 



and 1^ = for G C and fx E C. Using (pTq), the solution of (|5.4|) with = is 



V^ = 2Kn^ + G^,{w,-D^). (5.5) 

In analogy with results for U{N) quiver gauge groups, we expect that the gauge theory 
( ^.3|) has a Higgs branch on which the gauge group can be completely broken by the Higgs 
mechanism provided > 3 and all > 0. In this case, the dimension of the Higgs 
branch is given by 

dim(A^H) = jV^iw^ + D^) - \V^S^, (5.6) 



The case of Vg — Z2P+1 discussed in [14, |] is a special case in that the group U{vp) also has 
a hypermultiplet in the In terms of the discussion here, the unique aspect of Tg = Z2P+1 is 
that the extended SU (2P+1) Dynkin diagram is the only case which does not admit a two coloring 
of the nodes, with linked nodes of opposite colors, corresponding to whether the corresponding 
representation of SU (2) has integer or half-integer spin. The results below thus apply for every 
case except for Fq = Z2P+1, which is covered by the analysis of M. 
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where 5"^ is the Frobenius-Schur indicator discussed above the theorem (|5.1|) . 

First, we argue that the Higgs branch A4h of the above gauge theory is isomorphic 
to the moduh space M.inst of SO{N) instantons on the ALE space, giving a hyper-Kahler 
quotient construction of this moduh space, when (|5.4| ) is satisfied and 

= NS^o (hyper-Kahler quotient). (5.7) 

A caveat is that r — \C\ of the blowing up modes of the ALE space can not be turned on, 
they are frozen at zero. Next we argue that the small instanton theory (|5.3| ) with the data 
( p.7| ) can not arise physically in the world-volume of five-branes at the ALE singularity 
as it would have a deadly anomaly. There is a simple modification of (|5.7|) for which the 
anomalies vanish: 

= IGSf, (physical), (5.8) 

where we define 5"^ as above. Note that the condition ( |5.(j| ) in ( pT^ ) properly gives = 
Wfj,nfj, = D^n^ = 16Sfj,n^ = 32, where the identity S^n^ = 2 follows from (|5.1|) and 
character orthogonality, using = x^(/i = 1) and J2g^g'^,i — 2, since there are always 
precisely two elements, g = 1 and the central element C of SU{2), which square to unity. 
As expected, consistency of the 5-brane theory requires 32 9-branes. 

The instanton number (second Chern class) with a given poo is given by (|2.3| ) with 
K = 2, corresponding to the index of the embedding of SU{2) in SO{N) (in an SO{4) = 
SU{2) X SU{2)). Using 

I=lJr^iV-n + G^,D^n,). (5.9) 

g\ 

On the orientifold, V ■ ?T./2|rG'| is the number of five-branes. In particular, with (|5.7|) the 



last term in (|5.9| ) vanishes and the result ( ^.9| ) gives that the instanton number is the 
number of five-branes in the hyper-Kahler quotient case. 

The dimension of the moduli space of SO{N) instantons on the ALE space is given by 
(U) with C2iSO{N)) = A^-2 and XAd{poo){g) = \w^w^xMXu{g) - ^w^Xfiig'^), which 
follows because XAdiPoo) is the antisymmetric product of poo x Poo for SO{N). Thus 

dim{Minst) = {N- 2)1 + \w^w^X^^ - Wf^Ff,, (5.10) 

with X^i, defined by (|2.7| ) (and we used wu = w^) and is defined by 



I yX,{g')-n (5.11) 



^'^"4|rG|^^ 2-XQ{g) 



15 



To evaluate -F^, note that 



5..^. - ^ E (1^) - - ^ -^ ^ E x«(.)x..(/), (5.12) 

whereweused2-XQ(fi'^) = (2-XQ(fi'))(2+XQ(fi')), which can be seen by XQ(5f) = 2cos(6'g), 
since then Xq^q'^) = 2cos(26'g), and also (|5.1|) . The last sum in (|5.12|) vanishes, as can 
be seen by noting that xid'^) = Xsid) — XA{g)j where S and A are the symmetric and 
antisymmetric products; it follows from this that Xfiid'^) has integer spin j and thus has 
trivial projection on XQ{d)^ which has spin j = \- Therefore, using (p.5|), we find = 
\G^^Si, — {\VG\)~^G^^n^. Using this in ( ^.lOP , applying various other formulae appearing 
above, and comparing with (|5.6|), we find 



dim{Minst) = dim(A<H) - \G^^S^D, + \G^,D^D,. (5.13) 

In particular, with ( |5.7D , dim(A^/^st) = dim(A^//), giving a check of our conjecture that 
in this case M.h = -Minst- 

As a further check of A4h — -Minst^ it can be checked that the gauge theory ( |5.3D has 
a flat direction in the Higgs branch, associated with giving expectation values to the matter 
fields in the | ©a^,^(n^, D,^), which breaks the gauge group according to ^ V^ — 2i?n^, 
for any R = 1 . . .K, with an extra, decoupled, unbroken Sp{R) d subgroup. The Sp{R) o 
has the standard matter content of [0, 1Q\Z\d ©Qd' ^'^'^ diagonally embedded in all of 
the groups in (|5.3| ). The index of the embedding of Sp{R)d in each group is and thus 
Sp{R) D has gauge coupling 

9d' = J2''^9-^- (5.14) 

The interpretation of this part of the Higgs branch is that R small instantons have been 
moved away from the Tq orbifold singularity. Indeed, it appears that the D terms for the 
single hypermultiplet Higgs mode labeling motion along this flat direction can always be 
mapped to exactly those of the theory of [|1^, described in sect. 2.1, which gives the /Tq 
ALE space. In other words, the location of the center of the R small S'O (32) instantons, 
which should be able to wander around on the entire /Tq ALE space, indeed can. 

Because of the \C\ U{v^) factors in (pT3|), it is possible to turn on |C| Fayet-Iliopoulos 
terms, which gives the modiflcation of the small instanton gauge group when the corre- 
sponding blowing up mode of the singularity is turned on. On the other hand, for the 
SO{Vfj,) or Sp{Vfj,) factors in (|5.3|), there can be no such Fayet-Iliopoulos term and thus the 
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corresponding blowing-up modes are frozen. The number of frozen blowing up modes is 
r — \C\. For Dr with r even, |C| = and thus all r blowing up modes are frozen. For Dr 
with r odd, \C\ = 1 and thus there are r — 1 frozen blowing up modes. For Eq, \C\ = 2 and 
thus there are 4 frozen blowing up modes. For Ej and Eg, \C\ = and thus there are 7 
and 8, respectively, frozen blowing up modes. These "missing" blowing up modes will be 
remembered shortly. 

Despite the above evidence that M-h — -Minst when = Nd^o (subject to the 
above caveat that some blowing up modes are frozen), these gauge theories can not arise 
in the world- volume of small SO{N) instanton D5 branes sitting at the ALE singularity. 
Indeed, such theories have deadly trF^ anomalies in the world-volume of the five-branes, 
which renders them inconsistent. This sickness can not be cured by adding more fields, 
even gravity. However, as in the Aj. case [§, there is a simple modification of the relation 
for which this deadly anomaly vanishes. The six-dimensional gauge anomaly for theories 
of the above type with general choices of and is given by 

A = \{C^,V, ~w^ + 16^/.)trF^ + f C^^trF^trF^, (5.15) 

where is defined as above and F-jj; = F^ along with V-jj:=V^ and ivjc = w^ioijl E C. Thus 
we conjecture that the physical gauge group living in the world-volume of the D5 branes 
is a gauge theory of the above type but with the relation ( |5.4|) with ( p.8|) , = 16S^. 

Having cancelled the deadly trF^ anomalies, the remaining anomaly in ( |5.15| ) can 
be cancelled by coupling the 6d gauge theory to extra tensor multiplets, much as in the 
theories discussed in the previous section. Using i\iA\j - (|4.7|) , the reducible anomaly in 
( ^.15|) is the sum of r square terms. However, with the identification xji = for Ji E C, 
A is actually the sum of r — \C\ independent square terms. Thus the anomaly can be 
cancelled with r — |C| tensor multiplets. This leads to effective gauge couplings which vary 
over the Coulomb branch as in ( [4.3|) . As in the theories discussed in the previous section, 
it follows from C^jjU^, = that the linear combination ( |5.14| ) is constant on the Coulomb 
branch. This is sensible as the Sp{R)d of R small instantons away from the singularity 
should have a constant gauge coupling. 

Finally, the \C\ U{1) factors are eliminated by the anomaly cancellation mechanism 
using the \C\ hyper- multiplet blowing up parameters which remain massless on the Coulomb 
branch. 



17 



With = 16S^, { f>-% gives for the number of five-branes on the orientifold 

^ V^n^ = I--^G^,n^S, = I-ir + l), (5.16) 



2|rGi \LG 

Where the last identity for G^^n^Sj, can be verified in every case using the exphcit ex- 
pressions for the G^i, in table 7 of The result (|5.16| ) has a natural interpretation: 



r + 1 is the Euler character of the ALE space C^/Fg^, which is the instanton number 
associated with the standard embedding, when the gauge connection is set to equal the 



spin connection. Since five-branes carry H charge, (|5.16|) is the standard relation giving 
the total (magnetic) H charged as the second Chern class / minus the Euler character. In 
particular, for the standard embedding there are no five-branes. 

With = 165"^, it is no longer true that J^h — -Minst- Indeed, even their dimen- 
sions differ: as seen from (|5.13[) , 



dimiMn) = dim{Mi^st) - 56G^,S^S^ = dim{Minst) - 28(r - |C|), (5.17) 

where the last equality can be verified in every case using the explicit forms for the G^^. 
We are thus missing 28(r — |C|) hypermultiplet moduli associated with the gauge bundle. 
Combining these with the r — | C| missing blowing-up modes, we see that a transition has 
occurred where 29(r — \C\) hypermultiplets have been traded for r — \C\ tensor multiplets. 
This is perfect, because r — \C\ tensor multiplets is precisely what we needed to cancel the 
anomaly ( |5.15| ). 

To summarize, we have presented evidence that small SO{N) instantons on a /Tq 
orbifold singularity have a "Coulomb branch" with r — |C| extra tensor multiplets and the 
theories ( |5.3| ) with ( p.4| ), for = IGS"^, arising in the world- volume of the D5 branes. 
Note that this Coulomb branch can only exist when all V^, given by ( [5.5| ) with = 16S^, 
are non-negative, giving a lower bound on the allowed K. 

As a simple concrete example, consider the D4 case with trivial poo = 1- The 6d brane 
world-volume gauge group ( p73| ) is Sp{vo) x Sp{vi) x SO{v2) x Sp^vs) x Sp{v4), with 32 
half-hypermultiplets in the Do and half-hypermultiplets in the (□^,□2) for /U = 0, 1,3,4. 



^ Including gravity, the tensors also couple to the nine-brane gauge groups ( p. 21 ) according 
to the standard Green-Schwarz mechanism. When combined with the fact that f . , „ dH 7^ 

J ALE ' 

with five-branes present, this means that there is an anomaly inflow mechanism, with net current 
flowing onto the brane from the ten-dimensional world. This is the limit of the mechanism of 
where the instantons shrink to zero size. 
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Using and (U), vq = K , vi = K - 8, V2 = 4:K - 16, V3 = K - 8, V4 = K - 8. In 
addition, there are the r — |C| =4 extra tensor multiplets. Exactly this theory arose in the 
analysis of |T^, via the F theory description of compactification of the heterotic theory 
on a compact K3, of the "collision of two hidden obstructors." It was conjectured in 
that this theory should be related to a D4 singularity. Here we see it as a special case of 
theories obtained for small SO{32) instantons at arbitrary /Tq singularities. 

Following [^^, there can be a non-trivial 6d RG fixed point at the origin of the 
Coulomb branch provided all g~1j-jr{^), given by ( f4.3| ) using ( ^.5| ) - (|4.8| ), are non-negative 
along some entire "Coulomb wedge" of allowed $i, i = 1 . . .r — \C\. This should be true 
even in the limit when all g~'^^i — in order to obtain a RG fixed point theory at the origin. 



However, since (|5.14| ) is a constant independent of the on the Coulomb branch, at 
least one of the g~'^ must become negative for large This corresponds to the fact 

that the Sp{R)d subgroup is always IR free. As in we can always take the Sp{vo) 
corresponding to the extended Dynkin node to be the IR free theory, which means that 
this gauge group is un-gauged in the IR limit. It is then possible to choose a Coulomb 
wedge so that the remaining gauge groups in ( |5.3| ) all have 9^1/ f{^) > along the entire 
wedge even in the g~'^^i limit. Thus each of our theories give an infinite family of 
6d non-trivial RG fixed points, labeled by K, with the Sp{vo) factor in the gauge group 
( ^.3|) a global rather than gauge symmetry and the U{1) factors eliminated by the anomaly 
cancellation mechanism. 



6. Orientifold construction of the theories 

Type I on the C^/r^ singularity can be constructed via an orientifold of type IIB 
by including O, the element that reverses the orientation, along with Fq in the orbifold 
group; = 1, and Qg = gVt. We must choose matrices 7^ and 7n to represent the action 
of Tq and O on the Chan-Paton factors. The 7^ must represent the Tq group relations up 
to a phase. In addition, there are two more algebraic consistency conditions pT|,P^: 



7n = ±7n (6.1) 
where the upper(lower) sign is for 9(5) branes, and 



7g7n7j = 7n- 
19 



(6.2) 



Requiring the Chan Paton factor 7c corresponding to the central element C = — 1 of 
SU{2) to act as 7c = 1 in the trivial representation, there is no freedom for an extra phase 
in the gamma matrices and we should expect a single possibility, with 32 nine-branes. 

The action of Tq on the five-brane and nine-brane Chan-Paton factors is as in ( |3.6|) . 
The action of fl on the five-branes is represented as 

ln,5 = ®^eniIn,(^Jv,) ®f.ev {Jn, ^ Iv,) ©/.ec ( ^2 ® /i/J, (6.3) 

where J^, with n even, is the n x n symplectic matrix: = —Jn: with = —In- In the 
last term in ( |6.3| ), J2 acts to take n & C to Ji E C. Similarly, O acts on nine-branes as 



7n,9 = ©^t67^(/n,, © Iw,,) ©^eP (Jn^ © JwJ ©^tec ((^i © IwJ, (6.4) 

where in the last term ai is a symmetric Pauli matrix which exchanges ^ E C with JI E C. 
These yield precisely the gauge groups (|5.3| ) for five-branes and (|5.2| ) for nine-branes. 

As always, the untwisted nine-brane tadpoles can be cancelled by having 32 nine- 
branes, i.e. w ■ n = 32. The tadpoles in the sector twisted hy g ^ 1 can be written in the 
form: 

1 



2-Xq(^7) 



XM - (2 - Xq{9))'v^,xM - 16 XI ^9,h^ ■ (6-5) 



h 



Using the technique discussed in 12 , we can extract the irreducible anomaly coefficient of 



trF^: 



where 



\^g\{~C^^v^ +w^- D^) - n^(32 -wn), (6.6) 



and we used ( |5.1j ). The ?>2 — w ■ n term in (|6.6| ) vanishes by virtue of the untwisted 
nine-brane tadpole. We thus find perfect agreement with the irreducible space-time anom- 
aly ( |5.15|) of the five-brane gauge theory. The coefficient of trF^trF^ in the reducible 



anomaly is similarly obtained from (|6.5| ), using the technique of [12|, to be proportional 
to C^aYlig^iXct{g)Xv{g) = \^g\C^v^ which agrees with the reducible anomaly in ( |5.15| ) 
(since Fjj= F^). 

To calculate the closed string spectrum, we note that the closed string partition func- 
tion and Klein bottle splits into terms that are the Abelian groups representing the conju- 



gacy classes. For all To we can apply the result of [12] for the case with vector structure 
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we get a tensor from each twisted conjugacy class which is self- conjugate (i.e. contains 
its inverse) whereas, if it is conjugate to another twisted sector conjugacy class, we get a 
tensor and a hypermultiplet from the two twisted sectors. The number of conjugacy classes 
is the same as the number of irreps, which is r + 1 for the Tq^. One of these is the identity, 
so there are r twisted sector conjugacy classes. Conjugacy classes containing their inverse 
have real character and thus there are r — 2\C\ self-conjugate classes and \C\ remaining 
conjugate pairs. Thus we get r — \C\ tensor multiplets and \C\ hypermultiplet blowing up 
modes from the closed string twisted sectors. In agreement with the discussion in the 
previous section, we are missing r — \C\ hypermultiplet blowing up modes (Fayet-Iliopoulos 
parameters) and instead have r — |C| tensor multiplets. 

Finally, as discussed in |T^, the r — |C| tensor multiplets will have the correct couplings 
( ^75| ) to the gauge fields to cancel the reducible C^^tiF^trF^ anomaly. Similarly, the \C\ 
hypermultiplets have the correct couplings to cancel the U{1) anomalies in the five-brane 
gauge group (|5.3| ). 

The above, perturbative, orientifold analysis applies far out along the "Coulomb 
branch," where the tensors have large expectation value and the theory is weakly cou- 



pled. As discussed in [|T2[, the orientifold construction gives an intuitive picture for how 
the extra tensors of the Coulomb branch arise: starting from IIB on the ALE space and 
orientifolding to obtain type I, the expectation values of the tensor multiplets have an 
interpretation as distances of five-branes in the extra direction of M theory. Arguments 
similar to ||3^, suggest that M theory on M}/Z2 gives, at the origin, the infinite coupling 
limit of the type I SO{32) ten-dimensional string theory. By "compactifying" this theory 
on the infinite volume ALE space, we can obtain a finitely coupled type I theory. In anal- 
ogy with the Eg case, we expect that a small SO{32) instanton turns into an NS five-brane 
which can wander away from the origin into M/Z2, with distance equal to the expectation 
value of the tensor multiplet. 

Sufficiently far along the Coulomb branch, where the tensor multiplet has large ex- 
pectation value, the theory is weakly coupled and we can apply type I perturbation theory. 
However, we can not blow up the ALE singularity (or turn on a i? field) because the cor- 
responding hypermultiplet of type IIB was projected out. At the origin of the Coulomb 
branch there is the transition point to the Higgs branch, where the orbifold singularity can 
be blown up, but we can not continue to this branch via our perturbative type I orientifold 
analysis because the interactions at the origin are too strong. Via 5" duality between the 
type I and heterotic 5*0(32) strings in ten dimensions, there is a heterotic description with 
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coupling Xheterotic = T^^- ^OT compact V4, it is thus possible to describe the Higgs 
branch, where Xtypei is large, in heterotic perturbation theory. In the non-compact case, 
Xheterotic blows up. The couclusiou is that M theory and type I perturbation theory are 
adequate to describe the Coulomb branch, while the Higgs branch is described by the 
perturbative heterotic string or F theory. 

7. Other theories, with five-branes decoupled from the nine-branes 

There are other 6d gauge theories of a type similar to those described in sect. 5, but 
with no coupling to the nine-branes: i.e. all = 0. The theories are again based on 
moose diagrams which correspond to extended Dynkin diagrams and can be constructed 
for all Ar=2M-ij Dr, E^, and E-j Dynkin diagrams. The basic difference from the theories 
discussed in sect. 5 can be regarded as a different action *' of the complex-conjugation 
operation. Much as in ( ^73|) , the gauge group is 

n sp{v,) X n so{v,) X n u{v,), (7.1) 

fieiz' fiev nec 

where we decompose the set of nodes of the extended Dynkin diagram into subsets as 
{/i} = 71' Q)V' Q)C' Q) C\ with the subsets in the various cases defined as follows (with sets 
not listed empty): For Ar=2M-i, 7^' = {2s\s = . . . M - 1}, = {2s + l|s = . . . M - 1}. 
For Dr with r odd, 7^' = {0, 1, 2s + l|s = 1 . . . i(r-3)}, V = {r-1, r, 2s\s = 1 . . . i(r-3)}. 
For Dr with r even, 7^' = {0, l,2s + l|s = 1. . . i(r-4)}, V = {2s\s = 1. .. i(r-2)}, C = 
{r-1}, a = {r}. For Ee, 7^' = {0, 1, 3, 5}, V = {2, 4, 6}. For E7, 7^' = {0, 6, 7}, V = {3}, 
C = {1, 2}, C = {4, 5}. The gauge theory has hypermultiplets corresponding to the 
links in the extended Dynkin diagrams: there are hypermultiplets in the | (B^uQ'fiuiO^.niu)^ 
where the factor in |©^;y is the same as explained after ( ^.3| ). 
The six-dimensional gauge anomaly of the is 

A = \{C^,V, + 165;)trF4 -f f C^,trF2trF2, (7.2) 

where we define S"^ = 1 for G 7^', S'^ = —1 for ^ G V , and S"^ = for G C or C and 
Fj[ = F^ along with Vj[ = V^ = dim(n^) and wj: = for 71 G C. The irreducible anomaly 
in ( [7.2| ) vanishes provided 

= 2Kn^ - 16G^,Sl, (73) 
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where K is an arbitrary irAeger. This is similar to the expressions in sect. 5 except that here 
there are no hypermultiplets associated with couphng to nine-branes, all Wu. = 0. Indeed, 



introducing extra (half) hypermultiplets in the would lead to a modification of ( [7^^ ) 
analogous to ( |5.15| ) , but the requirement of canceling the irreducible trF^ anomalies would 
then give w^n^ = 0, i.e. all = 0, because here IGn^S'^ = in every case rather than 
Wn^Sfj^ = 32 as found in sect. 5. Finally, much as in sect. 5, the reducible anomaly in 
( [f72|) can be cancelled by introducing r — \C'\ tensor multiplets. 

The simplest example of these theories is the case associated with the SU{2) ex- 
tended Dynkin diagram. The gauge group ( [7.1| ) is Sp{K) x SO{2K + 8) with two half- 
hypermultiplets in the (□,□), corresponding to the two links in the diagram. K is an 
arbitrary integer. These theories were presented in as a class of theories which sat- 
isfy the anomaly cancellation conditions when coupled to gravity. Here we see that the 
anomaly can be cancelled even with gravity decoupled, by including an extra tensor mul- 
tiplet. Another simple example is the case associated with the D4 extended Dynkin dia- 
gram. The gauge group Q for D4 is Sp{K)o x Sp{K)i x SO{4:K + 16) x U{2K + 8) 
with half-hypermultiplets in the (2Ki, 4K -|- 16), z = 0, 1, and a hypermultiplet in the 
(4K -|- 16, 2K + 8), corresponding to the links. In addition, there are r — |C'| =3 tensor 
multiplets. 

Each of the theories ( [7.1| ) with ( |7.3| ) and r — |C'| tensors lead to an infinite family of 
6d RG fixed points, labeled by K. Again, it is necessary to take the Sp{vo) factor in ( |77l] ) 
to be a global rather than gauge symmetry to avoid Landau poles on the Coulomb branch. 
Also, the U{1) factors are again eliminated. 

7.1. Orientifold construction of the theories 

The Ai case discussed in fl^ and above, with gauge group Sp{^Vo) x SO{Vi), can be 



constructed via an OZ4 orientifold. We take a = e^'^'^l^ the generator of Z4 and represent 
the generator of OZ4 by 

7n.= P;:° ? V (7.4) 



where, as before, J is the symplectic matrix and / is the identity matrix. This satisfies 
the conditions needed for the case with vector structure so we expect a tensor from the 
Z2 twisted sector. There are no nine-branes or D5 branes since we do not have elements 
O or Oa^. Because there are no D5 branes or nine-branes, there normally would be no 
mechanism for cancelling crosscap terms by branes. However, if we assume the existence 
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of "twisted" five-branes on which twisted open strings can end [19|, we can cancel the 
crosscap terms. The tadpoles are found a la ||3^ to be 



4sin^ f 



2 

(4sin2|(yo-l/i)+32) , (7.5) 



so C^jjVv = —D^ = 16(— 1)^ for = 0, 1, i.e. 14 = Vq + 8 as expected. 

This construction would not work for A2M-1 singularities with M > 1 because there 
would be disk terms which could not be cancelled by crosscaps. However, the orientifold 
theories fl{—l)^^R3 x Z2M studied by [|T9| , |3^ , corresponding to F theory on (C^/Z2m x 



T^)/Z2, can be T-dualized to orientifolds with five-branes and nine-branes. There is no 
coupling and hence, no matter from the intersection of the two kinds of branes. Such a 
construction can yield the A2M-1 case of (|7.3[) with K = 0, which gives V^e7^' = and 
V^^-p' = 8, i.e. 5'0(8)®^, and the required 2M — 1 extra tensors. Indeed, this spectrum for 
the M = 1, 2, 3 cases can easily be read off the results of [0, adjusted to the non-compact 
case. The solutions of were not proven to be the most general solutions, and it would 
be interesting to see if all of the above models without coupling to nine-branes could be 
obtained from this construction. It would, of course, be necessary to include twisted open 
strings to cancel the tadpoles. Because of the lack of coupling to nine-branes, the five- 
branes of these theories cannot be interpreted as small instantons and any heterotic dual 
description would have to be highly unusual. 



8. Building other 6d moose models 

We will make some general observations about how to build 6d theories for which 
the irreducible anomaly can be cancelled. Consider a theory with a product gauge group, 
with some matter fields coupling the representations. We focus on two factors out of the 
possibly much larger theory, groups Gi x G2, with some matter in representations (ri, r2) 
coupling them. 

Consider first the case of U{vi) x U{v2) coupled by Uc hypermultiplets in the (□,□). 
There could also be additional matter multiplets in either gauge group. In order to cancel 
the irreducible trF^ anomalies, it is necessary to have 2vi — ncV2 — Pi = and 2^2 — 
ricVi — P2 = 0, where Pi > are contributions associated with matter charged only under 
U{vi). In order to have Vi > 0, it is necessary to have Uc = 1. The Vi then satisfy 2vi > 
V2 > 1^1- Also, Pi < 2vi and P2 < 2^2; thus the U{vi) can generally have matter only 
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in the fundamental and/or two index symmetric or antisymmetric tensor representations. 
Further, it wiU generaUy not be possible to have other types of mixed representations. For 
example, if there were a matter field in the (□, rather than in the (□,□), it would be 
necessary to have 2vi — \v2iy2 — 1) = -Pi > and 2v2 — fi(f2 — 8) = P2 > 0, which does 
not have a solution for ^2 > 8. 

Consider next the case of SO{vi) x SO{v2) coupled with ric multiplets in the (□, □) 
and possibly additional matter multiplets in either group. In order to cancel the irreducible 
tiFf anomalies, it is necessary to have f 1 — 8 — ricf 2 — -Pi = and f 2 — 8 — ricVi — P2 = 0. 
For any ric 7^ 0, there is no solution of these equations with f ^ > if the Pi > 0, suggesting 
that SO groups can never be coupled directly to other SO groups. However there is a 
loophole here: spinors of 5*0 groups can lead to a negative contribution for the Pi |^ . 

Consider next Spiyi) x Sp{v2) coupled with Uc multiplets in the (□, □) and possibly 
additional matter in either group. In order to cancel the irreducible anomalies, it is nec- 
essary to have 2vi + 8 — 2ncV2 = -Pi > and 2v2 + 8 — 2ncV2 = -P2 > 0. For Uc = I, this 
requires Pi + P2 = 16; this case was discussed in it arises for small instantons at a Z2 
orbifold singularity with possible vector structure. There can also be solutions with ric > 1 
provided Pi < 8. 

For U (f 1) X SO{v2) coupled with Uc matter fields in the (□, □) and possibly additional 
matter, the irreducible anomalies cancel provided 2vi —ncV2 = -Pi > and V2 —S — UcVi = 
P2 > 0. It is thus necessary to have Uc < 1. For U{vi) x Sp{v2) coupled with Uc 
matter fields in the (□, □) and possibly additional matter, the irreducible anomalies cancel 
provided 2vi — 2ncV2 = Pi > and V2 + 8 — UcVi = P2 > 0, giving Uc < I and P2 > 
8. For SO{vi) X Sp{v2) coupled with Uc half-hypermultiplets in the (□, □) and possibly 
additional matter, the irreducible anomalies cancel provided f 1 — 8 — ricf 2 = -Pi > and 
2v2 + 8 — ^HcVi — P2 >0, giving Uc < 2 and P2 > 8. 



Appendix A. Some To representation theory 

We briefly discuss the representations of Fg for G = Dr and G = Eq to illustrate the 
decompositions {/u} = 1Z®V ®C ®C and the conjugacy classes (i.e. that there are r — 2|C| 
classes which contain their own inverses and \C\ pairs of classes which do not). 

The Vg=d,. dihedral group is generated by elements a and (3 with = = C 

and PaP = a, where C is the central element —1 of SU{2). The four representations with 
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= 1 are given by = (—1)^, /J^u = 1 for = 0, 1 and = (— l)^e*'^^/^, = —1 for 
jj, = r — l,r. The representatfons with = 2 are given by 

= e^.(.-i)/2 1 \ = f V ^ (A.l) 

\0 -1 J ' \-sm.e^ cosOi^J' ^ r-2 ^ ' 

ji = 2, ...r — 2. For Dr with r even, the conjugacy classes are: [1], [—1], [f3^^f3~^\^ 
< A; < r — 2, [a], and [q;/3], which are all self-conjugate (contain their inverse). For r 
odd, the classes are the same but [a] and [ajS] are now conjugate to each other (contain 
the other's inverses). 

Teq is generated by elements a, /3, and p with = = p"^ = C, ap = p/^a, I3p = pa, 
/Sap = p/3, and /3a/9 = a. The representations p = 0, 1, 5 with = 1 have a^ = = 1 
and p^ = 1, w^, respectively, where u = e^^*/^. The representation ^ — 2 has a^ = iai, 

P/j, = ^CTS) and p^ = ^-^7^ (^1 1^ pseudo-real. The other two representations 

with = 2, = 4 and = 6, differ from = 2 in that p4 = a;p2 and pe = <^^P2; these two 
representations are complex conjugates of each other. Finally, the representation = 3 is 
given by 

/-I 0\ /-I \ /O 1 0\ 

as = -10 P3=\ 1 PS = 1 . (A.2) 
\0 01/ \00-l/ \100/ 

The conjugacy classes of F^g are [1], [—1], [p], [p^], [a], [— p], and [— p^], with [p] and [p^] 
conjugate and [— p] and [— p^] conjugate. 
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